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Single-bit Addition

Carry-Skip Adder

Carry-Select Adder
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Tree Adder

Carry-Ripple Adder

Carry-Lookahead Adder

Carry-Increment Adder
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Full Adder

S
Cout =

Half Adder

S —

Cout —
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J(A,B,C)

MA
Ut Majority

Full Adder

A B
ouré
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S=A®B ¢
AB

COU'[

S=A®B®C

C

Half Adder
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 For a full adder, define what happens to carries

— Generate: C_ , = 1 independent of C

out —

e G =

— Propagate: C_,,=C
e P =

— Kill: C,,; = 0 independent of C
e K=
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D/ |, —1 o4 & \
F O (carry 2& terms)

 For a full adder, define what happens to carries
— Generate: C, , = 1 independent of C (c=cCin)

out —

«G=A-B

— Propagate: C_,,=C
*P=A®B

— Kill: C,,; = 0 independent of C
e K=~A+~B
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 Brute force implementation from egns
S=A®B®C =PexorC

C..=MAJ(A B,C)

A{ oA B SoB C o C

sl Tl i Notice they are symmetrical
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d Factor Sinterms of C
S=ABC+(A+B+C)(~-C,,)
d Critical path is usually C to C_, Iin ripple adder

out

fffff MINORITY
A 4t %g — %
B — 4t ~ d
C —— | —

. —
| ! i |
L ﬂb; I / \

C r !
i —1C 7 \

%Com Send Cout before sum is evaluated
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 Clever layout circumvents usual line of diffusion
— Use wide transistors on critical path
— Eliminate output inverters
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d Complementary Pass Transistor Logic (CPL)
— Slightly faster, but more area
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(1 Dual-rail domino
— Very fast, but large and power hungry
— Used in very fast multipliers

4
C_hj i;h%E O> St ¢ #E E O> Cou!

C_l—| A_l—
A_h—{[B_h—{[B_h— Al —{[B_I—[B_I
v 3
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d N-bit adder called CPA
— Each sum bit depends on all previous carries
— How do we compute all these carries quickly?

Both sum and carry are influenced by Cin
Conventional method

Ay 1 By Case | Case Il
Cout Cin Cout Cin
‘ J( \/ J( / @O/O%O\/ @Z‘n_/ll@/ carries
Cou™\ + /i 1111 1111 A, ,
+0000 +0000 B,
< 1111 0000 s, ,
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1 Simplest design: cascade full adders
— Ciritical path goes from Cin to Cout
— Design full adder to have fast carry delay

A By

A, B, A, B, A, B,
S, S,

S S

2 1
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 Critical path passes through majority gate
— Built from minority + inverter
— Eliminate inverter and use inverting full adder

A, B, A, B; A, B, A B |
Using
z inverter,
, , majority
C | C calculation
out c ! C N\ C M becomes
3 2 1 . :
minority
calculation.
S, S, S, S,

Eliminate inverter between stages
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1 Equations often factored into G and P
1 Generate and propagate for groups spanning i

G

ij —

P

0] =

(] Base case

=6 = Gy =G, =
P.=P = Poo=F =
d Sum:
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1 Equations often factored into G and P

1 Generate and propagate for groups spanning i:|
AND (Either stages from Kk to i generates carry
G..=G., +P., [1G, .. Orstagesfromk-1to j generates carry
- B I k=L propagating all the way up to i stage

Pi-j — Pi-k [] Pk " from k stage.
k can be any stage between i and k Gi.1,o means that the carry
can be either generated or propagated
1 Base case as the def. G
Gi:i = Gi — A [] Bi C':'0:0 = G0 = Cin Gi-1:0 = Ci-l
P.=R=A®B Foo =Fo =0
d Sum

=P ®G,_,, asslide7)
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A4 B4 A3 B3 A2 BZ Al Bl Cin
1: Bitwise PG logic
JUUTJUDUD | & g
G, |Pp, |G, |P, |G, |P, |G, |P, |G, |P
f \ - - - -
First Eqn. in previous slide
2: Group PG logic
\ G3:0 G2:0 Gl:O C-:'O:O y,
C3 C2 Cl CO .
Ny J L Ay J [ 3: Sum logic
C4
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ripple —
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nfl
nfl
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Bit Position

-

876543210)

(15 14 13 12 11 10 9

Propagate & generate Sum XOR
o |
Cippte = Loy (N =Dt +1,, 2]
And OR nll
o |

-
Aejeq

v Time

nfl
nfl

=8

|15:o 14:0 13:0 12:0 11:0 10:0 9:0 8:0 7:0 6:0 50 4:0 3:0 2:0 1:0 o:o|
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Black cell Gray cell Buffer
Ik k-1 Lk k-1 N

v

J
Gi.kﬁ > G, ﬁ >
: G.. ik G..
Pi:k N Pi:k_ ) Gi:j_ _Gi:j
Gk-l:j Gk-l:j o
> P..— —P..
P.. irj iij
Pk-l:j_ .

P & G terms Only G term
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O Carry-ripple is slow through all N stages
 Carry-skip allows carry to skip over groups of n bits
— Decision based on n-bit propagate signal

A16:13 B16:13 A B A

P

16:13

S S

16:13 12:9

MUX selects group carry in if group propagate is true
otherwise 4bit adder result
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|16:O 15:0 14:0 13:0 12:0 11:0 10:0 9:0 80 7:0 6:0 50 4:0 3:0 2.0 1:0 00

For k n-bit groups (N = nk)
t

skip =
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|16:O 15:0 14:0 13:0 12:0 11:0 10:0 9:0 80 7:0 6:0 50 4:0 3:0 2.0 10 0:0|

Black: P logic
Blue: Propagate
inside 4 bit blocks

For k n-bit groups (N=n (4) *k (4) ) ( k* n bit groups)

t

wio =tog +] 2(N—1)+ (k1) |t,o +1t,
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7 -1 N
Al 1 N om

JiL2

16:0 15:0 14:0 13:0 12:0 11:010:0 90 80 7.0 6.0 50 40 3.0 220 1.0 00

Delay grows as O(sqrt(N))
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d Carry-lookahead adder computes G, for many bits
In parallel.

 Uses higher-valency cells with more than two inputs.

Carry skip waits for the first 4 bit adder
carry out eliminated in CLA

A B A.,B

16:13 16:13 12:9 —12:9

C G C

out 16:13 12
I p
" 16113

Cq
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(16 15 14 13 12 11 10 9 8

G terms

gene

Last Carry

ration

N\

vaaa

it addition

16:0 15:0 14:0 13:012:011:010:0 9:0 80 7:0 6:0 50 4.0 ::\'O 2.0 1:0 00
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Valency : Relative capacity to unite

through | (F';)i:k

Ik k-1:11-1:m m-1;] G ik
k-1:1

‘ I:)k-l:l

GI-1:m

gl—l:m

IJ m-l:j
I:)m-l:j

)

7

Valency 4 here (i1 : k divided into 4 groups)
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A Trick for critical paths dependent on late input X
— Precompute two possible outputs for X =0, 1
— Select proper output when X arrives
 Carry-select adder precomputes n-bit sums
— For both possible carries into n-bit group

Al6:13 Bl6:13 A12:9 BlZ:Q A8:5 BB:S A4:1 B4:1

V

Lo Lo Lo

L L L

C C

TV e VT, Vg StV

M 1 i 1 i 1 C

0 carry in generates
P o P o Carry selects | = o carry out
MUX Or real carry in 1
S S S s and 1 carry in
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 Factor initial PG and final XOR out of carry-select

(1514131211109876543210)

- o= oW

I B { =l
| ﬂf N
e

15:0 14:0 13:0 12:0 11:0 10:0 9.0 80 7:0 6:0 50 40 3:0 2.0 1:.0 00

t —

increment ~

11: Adders CMOS VLSI Design Slide 30




Two
can g

(su

m)

4 Factor initial PG (t,,) and final XOR (t,,,) out of carry-select

(15 14 13 12 11 10 9

8

7

6

5 4

3

2

1

hdders for carry in0 & 1
hare the PG & sum logics

- cqrry increment adder

14;12

15:12

N

13;12

11:8

10:8

n

9:8

6:4

N

N

5:4

=l

L

o

e

f

T

s

-~

LLL]

0)

First 4bit addition in se
In parallel with
two possible addition re

(carry in 0 and 1 case}p)

15:0 14:0 13:0 12:0 11:0 10:0 9.0 80 7:0 6:0 50 40 3:0 2.0 1:.0 00

t =t +| (N—1)+ (k1) |t,o +t

increment
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 Also buffer CHEE ?1 - }7
noncritical e e
signals

13:11

9.7
14;11 10:7

?ﬂﬁ www

|15:O 14:0 13:012:0 11:0 10:0 9:0 8:0 7:0 6:0 50 4:0 3:0 2:0 1.0 O:Ol

7L

(1514131211109876543210)

= 13:11 | 9:7{: 6:4 ) : |
Buffered version | Y u ]
| | v

Tewee www

|15:o 14:0 13:0 12:0 11:0 10:0 9:0 8:0 7:0 6:0 50 4.0 3:0 2:0 1:0 o:o|
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1 If lookahead is good, lookahead across lookahead!
— Recursive lookahead gives O(log N) delay

(Usually 2 bits P, G generation in parallel and
sum them up from Isb to msb considering delay,
higher bit sum up in parallel with lower bit sum up)

1 Many variations on tree adders
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(Taxonomy : Division into ordered groups or categories)

1 Ideal N-bit tree adder would have

— L=Ilog N logic levels

— Fanout never exceeding 2

— No more than one wiring track between levels
1 Describe adder with 3-D taxonomy (I, f, t)

. (not 1)
— LOgIC levels: L + | (MAX. # of logic levels to the result)
— Fanout: 2+ 1 ( MAX. # of gates one cell drives)
— Wiring tracks: 2! ( MAX. # of wires in a level)
d Known tree adders sit on plane defined by
l+f+t=L-1
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15:14 13:12 11:10 9:8 76 54 3:2 1:0

T AN § N §

15:12| 14:12 11:8| 10:8 74| 64 30| 20

TRNt
VY T Y

15:8| 14:8] 13:8| 12:8
15:014:013:012:011:010:0 9:0 80 7:0 6:0 5:0 4.0 3:0 2.0 1:0 00
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15:8| 14:7| 13:6| 12:5| 11:4| 10:3 9:2 8:1 7:0 6:0 5:0 4:0
oY) oVl AU

| —1
1 1 —1 —1
I e I
r —— — 1 —r
— —r—  —1—  —
?/

15:014:013:012:011:010:0 9:0 8:0 7:0 6:0 5:0 4.0 3:0 2:0 1:0 0:0
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1 Ideal N-bit tree adder would have

— L=Ilog N logic levels

— Fanout never exceeding 2

— No more than one wiring track between levels
1 Describe adder with 3-D taxonomy (I, f, t)

— Logic levels: L+ |
— Fanout: 2+ 1
— Wiring tracks: 2!
d Known tree adders sit on plane defined by
|+ f+t=1L-1
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| (Logic Levels)

f (Fanout)
2(6)

g

[/
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| (Logic Levels)

3(7)
B -K

f (Fanout) rent-kung
Sklansky

g

2(6)

[/

t (Wire Tracks)
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15:14 13:12 11:10 9:8 7:6 54 3:2 1:0
15:12 11:8 74 3:.0
15:8 7:0
11:0
13:0] ] 9:0 | ] 5:0 | — ]

15:014:013:012:011:010:0 9:0 8:0 7:0 6:0 5:0 4.0 3:0 2:0 1:0 0:0
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6:0 5:0 4:0
| oYU | I —

Iy e
. 1t  _——1 | T | —
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VY Y

15:014:013:012:011:010:0 9:0 8:0 7:0 6:0 5:0 4.0 3:0 2:0 1:0 0:0
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1:0

N v A B A B &
15:14 13:12 11:10 9:8 7:6 5:4 3:2
SN SN v
15:12 11:8 7:4 3:0
SN S Y
15:8 13:8 7:0 5:0
15:8 13:0] 11:.0 9:0 ] ] ]

Y

Y

15:014:013:012:011:010:0 9:0 8:0 7:0 6:0 5:0 4.0 3:0 2:0 1:0 0:0
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1Al IOAY (moved after pp.34) (go to pp.43)

1,

g
O

vl vl BVl Bl Bl Bl Svainl

15:14 13:12 11:10 9:8 76 5:4 3:2 1:0
15:12| 14:12 11:8| 10:8 74| 64 3.0 20

EEEN

15:8| 14:8| 13:8| 12:8

VY Y Y

15:014:013:012:011:010:0 9:0 80 7:0 6:0 5:0 4.0 3:0 2.0 1:0 00

Intermediate Prefix
with large fan out
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/AN N\
NNUYyyc-ot IT (moved after pp.34)

8 7 6 5 4 3 2 1 0)

15:14

15:12

1 r—r —1
- 1 701 1
r —— — 1 —r
— ——r—  — 1 —
?/

15:014:013:012:011:010:0 9:0 8:0 7:0 6:0 5:0 4.0 3:0 2:0 1:0 0:0

Many long wires, large power consumption
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15:14 13:12 11:10 9:8 76 5:4 3:2 1:0
15:12 13:10 }8 ﬂ j }2 3:0 P
‘BN BN BN BEanenna
15:8 13:6 11:4 9:2 70 ] 5:0 I ]
I e, s e W e, SRy
4 T

15:014:013:012:011:010:0 9:0 8:0 7:0 6:0 5:0 4.0 3:0 2:0 1:0 0:0
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Logic level = delay, fan out = power, wire track = area

T AN/
1 A

(b) Sklansky

(5 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0)

3020
A\

|15'014 013:012:011:010:0 9:0 8:0 7:0 6:0 50 40 3.0 2.0 1:0 O'Ol

f (Fanout) O

Sklansky

AXxis shows 2f + 1

(c) Kogge-Stone O

(5 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0)

|15:014:013:012:011:010:0 9:0 80 7:0 6:0 5:0 40 3:0 2:0 1.0 0:0

| " W an

Fan out = 9 when *

O O o

™

7~ vy 7 D)2 1~ Al
UI1UI | Iy I\CT VIoILCU

L=4
I=logic level axis
Axis shows L + |

| (Logic Lewls)
O Brent-

(a) Brent-Kung

(1514131211109876543210)

O N \4 h!mﬁnshna VM V“ B \4
ny wly || |
e v Y
O \ 4
BAR
;ﬁr ;ﬁr
m |15:Ol410131012:011:010:0 9:0 80 7:0 6:0 5:0 40 3.0 2:0 1:0 0:0
Carlson
*
(d) Han-Carlson
O O (15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0)

1=1,t=2,f=0s |uz
*®Logic level =5 ==
Wire track =4 .*

Fanout=1

Kogge-
Stone

t (Wire Tracks)

AXis shows 2t

|15:014:013:O12:011:010:0 9:0 8:0 7:0 6:0 50 4.0 3:0 2.0 1:0 0:0
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Adder architectures offer area / power / delay tradeoffs.

Choose the best one for your application.

Architecture | Classification | Logic Max Tracks | Cells
Levels Fanout
Carry-Ripple N-1 1 1 N
Carry-Skip n=4 N/4 +5 2 1 1.25N
Carry-Inc. n=4 N/4 + 2 4 1 2N
Brent-Kung (L-1, 0, 0) 2log,N -1 | 2 1 2N
Sklansky (0, L-1, 0) log,N N/2+1 |1 0.5 Nlog,N
Kogge-Stone (0,0, L-1) log,N 2 N/2 Nlog,N
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